Nuclear radial distance is a prerequisite for generating any alpha-decay half-life formula by taking a suitable effective potential. We study the emission process of alpha particles from an isolated quasi-bound state generated by an effective potential to a scattering state. The effective potential is expressed in terms of Frahn form of potential which is exactly solvable and an analytical expression for half-life is obtained in terms of Coulomb function, wave function and the potential. We then derive a closed form expression for the decay half-life in terms of the parameters of the potential, Q-value of the system, mass and proton numbers of the nuclei valid for alpha-decay as well as proton-decay. From the nature of variations of half-life as a function of radial distance, we trace the radial independence region where decay time is almost constant. Finally by overviewing our results and picking that particular radial distance we predict the half-lives of a series of nuclei by using the closed form expression.
I. INTRODUCTION
The quintessential α-radioactivity has been studied by many physicists so far and has opened doors for laying a rigid foundation and development of nuclear physics [1] [2] [3] [4] . Gamow was the first and foremost to apply quantum mechanics to a nuclear physics problem by providing the first model to explain α-decay and propounded that the process involves tunneling of an α-particle through a large barrier [5] . A profound knowledge of this quantum mechanical effect enables one to obtain the Geiger-Nuttall law which relates the decay constant of a radioactive isotope with the energy of the α particles emitted.
In other words Geiger and Nuttall were the first in giving a kickstart in the form of a simple formula for α-decay halflives. Following them many analytic formulas have been put forth such as Viola Seaborg-Sobiczewski (VS) formula [6] [7] [8] , Ni-Ren-Dong-Xu formula [9] , Royer formula [10, 11] , Sobiczewski Parkhomenko (SP) formula [8] , and Horoi formula [12] . A few empirical relationships were also propounded such as the universal (UNIV) Curve [13] , the Semi-empirical formula based on fission theory (SemFIS) [13] , and the unified model for α-decay and α-capture (UMADAC) [14] [15] [16] .
By considering the emission process of α particles in the transition from an isolated quasi-bound state to a scattering state, we have given a formula (Sahu16 formula) for α-decay half-lives [17] . In another work based on the phenomena of resonances occurring in quantum scattering process under Coulomb-nuclear potential, Sahu et. al. have derived a general decay law [18] . By using this general decay law along with a precise radius formula and an analytical expression for preformation probability, an improved semi-empirical relationship (ImSahu formula) for α-decay half-lives has been proposed and thereby the accuracy has been improved significantly [16] . [1] swagatikabhoi66@gmail.com It is customary to mention here that it is not our motive to perturb the Sahu16 formula. Infact, we intend to find the halflives by introducing another form of potential markedly different from the potential used in [17] . From the decay half-lives we are interested in tracking the radial independence which will help us in ascertaining the radial distance expression to be used to predict the half-lives by Sahu16 formula. Thus by following the same formalism and applying the Sahu16 formula, we stress on its applicability to alpha decay as well as proton decay.
The paper is organized as follows: In the next section we will mention the decay half-life formula. Also we will present the closed form expression. In section III we will move on to the applicability of the Sahu16 formula. In section IV we finally summarize the paper.
II. THEORETICAL FRAMEWORK A. Decay width or half-life of α-decay
We remark that in the α-decay process the α-cluster in the decaying nucleus is controlled by an attractive nuclear potential, V N (r) and the α-particle outside the nucleus by the pointcharge Coulomb potential given by V , where Z α and Z D are the proton numbers of the α-particle and daughter nucleus respectively and e 2 =1.43996 MeV fm. In a simple picture we represent H − H 0 as the difference between the potentials in the two cases viz. the nuclear+Coulomb potential and the point-charge Coulomb potential i.e H − H 0 = {V N (r) + V C (r)} − V P C (r) = V ef f (r) − V P C (r),
(1) where V ef f (r) is the effective potential and V C (r) is the Coulomb potential given by
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where, R C is the Coulomb radius parameter having value R C = r c (A
, r c = 1.2 fm which is the distance parameter. A α represent the mass number of α particle, A D represent the mass number of the daughter nucleus. In our approach, we calculate the decay width by taking into account the α-decay process where there is transition of an α-cluster from an isolated quasi-bound state to a scattering state. The initial system is related with the instability with the quasibound state of the decaying nucleus. Along with that the final state is the scattering state of the α+daughter system. Now, we solve the Schrödinger equation using the effective potential which is the amalgamation of the nuclear potential V N (r) and the electrostatic potential V C (r) to get the radial part of the initial and final state of the wave function.
The radial part of the initial state wave function is
Additionally, the final state wave function can be written considering the motion of the α-particle relative to the daughter nucleus as a scattering state wave function corresponding to the α-particle in point charge Coulomb potential [19] :
where k = 2µE c.m. / , E c.m. stands for the center-of-mass
is the reduced mass of the system with m n giving the mass of a nucleon and F l (r) is the regular Coulomb wave function for a given partial wave l. The factor 2µ π 2 k is a normalization factor of the scattering wave function.
The effective potential as a function of distance can be solved exactly for the wave function u nl (r) for l = 0 which is covered elaborately in the upcoming section. Based on the Gell-Mann-Goldberger transformation [20] , the expression for the decay width becomes
For the normalization of the interior wave function the factor R 0 |u nl (r)| 2 dr is used. The resonant wave function u nl (r) decreases rapidly with distance outside the Coulomb barrier radius R 0 . For this reason, we apply the box normalization condition for the wave function R 0 |u nl (r)| 2 dr = 1 for R ≈ R 0 . So, the preformation probability here is taken as 1 as the particle has been formed already. We are quite familiar with the relation between decay half-life T 1/2 and the width:
By using (5), we get a new expression of T 1/2
Now, the regular Coulomb wave function F l (r) can be expressed as [21] 
where ρ = kr, Sommerfeld parameter η =
In particular, for l = 0, A l is given by
B. The effective α+nucleus potential
The sum of the nuclear potential V N (r) and the Coulomb potential V C (r) i.e. the effective potential mentioned in (eqn.1) can be represented in the Frahn form of potential given by [22] :
where V 0 is the strength of the potential with value 1 MeV.
; n = 1, 2, d n accounts for the flatness of the barrier, d 1 deciding the steepness of the interior side of the barrier whereas the exterior side is judged by d 2 . R 0 is the barrier radius having value;
72, r 0 = 0.97 fm. Moreover S 1 and S 2 are the depth and height of the potential, respectively, having values;
, where a g = 1.6 fm is the distance parameter. The potential given by (eqn.13) can generate resonance states having a pocket inside and a barrier outside. This potential in the Schrodinger equation is solved exactly for the eigen function.
The reduced S-wave Schrödinger equation for the region r ≤ R 0 is written in the dimensionless form as follows:
where
where z 1 = ρ 1 (r) and F (a, b, c, z) is the hypergeometric function.
Using the boundary condition u 1 → 0 for r → 0, we get
Moreover, as
) >> 1 and ρ 1 (r = 0) = z 0 << 1 we can write
Thus,
We make a lay out (Figs. 1(a) and (b)) to properly describe the modulous of the resonance state wave function, |u 1 (r)| and the combined nuclear and Coulomb potential, V ef f (r) by taking the α+daughter system (α+ 214 82 Pb) with Q-value of decay or energy E = 6.115 MeV. It is visible from the plot 1(a) that the wave function of the resonance state decreases exponentially in the barrier region having Coulomb barrier radius, R 0 = 10.0616 fm. We are very much concerned with this particular region since the diminishing of the wave function is observed here.
By taking the above found solution u 1 (r) as the wave function u nl (r) for l = 0, Coulomb function F l (r) and the effective potential V ef f (r) in the formula for decay width i.e. Γ (eqn.5) and using the Γ in (eqn.6), we calculate the half-life and represent it as T calt.
1/2 . 
C. Closed form expression for decay half-life
We now consider the problem of α+nucleus system with a specific energy value Q α , the mentioned radius R = R 0 , the value of Sommerfeld parameter η and parameter ρ = kR are such that ηρ ≤ 50 and ρ ≈ 10. In this context, we use the same power series expansion and the expression for Coulomb wave function F ps l (r) as done in [17] .
We find that
where x m ≈ 70 for α-decay and x m ≈ 5.9 for proton decay. Therefore, instead of computing function F l (r) using (eqn.9), we go by the simple power series expansion of F ps l multiplied by a factor x m = 70 for α-decay and x m = 5.9 for proton decay. The magnitude of this function is zero near the origin r = 0 but increases predominantly at r = R 0 whereas the resonant wave function u 1 (r) is very small beyond r = R 0 . Hence, the integral J (eqn.8) can be written in terms of F l (r) = x m F ps l (r) at a point r = R = R 0 along with some multiplying factor which take care of the other contributions within the region 0 < r < R.
The integral J now changes to
The value of c f can now be written as
The decay half-life T 1/2 in logarithmic form can be written as
where the parameters,
The expression (eqn.32) is some what similar to the ViolaSeaborg relation [6, 23] but the difference is that in the present case the parameters and coefficients namely a, c, d, b l are well defined [17] .
III. RESULTS AND DISCUSSIONS:
In our present calculation of α-decay half-lives, we take the exactly solvable potential as described in (eqn.13) and denote it as the effective Coulomb-nuclear potential V ef f for the α+nucleus system and change only the steepness of the interior side of the barrier i.e. d 1 but keep d 2 fixed. With the Coulomb function F l (r) and the wave function u 1 (r) at resonance, we calculate the half-life T calt.
1/2 by using (eqn.7). Now we plot log 10 (T calt.
1/2 ) as a function of r. Astonishingly we get to know that the log 10 (T calt. to lesser values with increase in r, become constant at a particular region and finally its values decreases for larger radial distance. To sum up, we can say that for a particular system there is a region where log 10 (T calt.
1/2 ) values vary from infinity
1/2 ) is constant and thus in that region radial dependence is removed. Moreover, for each system the constant stability radial region is changing a little bit but more or less it is coming out to be in the range 8.9 fm to 21 fm. Fig. 2 shows the variation of log 10 (T calt. 1/2 )=τ expt. in seconds [18] . The value of the parameter d1 representing the inner steepness of the barrier and d2 is kept constant throughout i.e. d2 = 2. Logarithm of calculated proton-decay half-lives log10(T calt.
1/2 ) vs r for the
1/2 )=τ calt. in seconds using (eqn.7), logarithm of predicted proton-decay half-lives log10(T pred.
1/2 )=τ pred. in seconds using (eqn.32) with parameter fixed c f = 2.8, r0 = 0.97 for l = 0. R0 is the barrier radius in fm and Rw is the radial independence region in fm. 106 T e nucleus where the radial independence region is coming out to be R w =8.9-21.0 fm for α-decay. In the same way, for proton decay we plot the log 10 (T calt.
1/2 ) vs r for the 167 Ir nucleus where the radial independence region is coming out to be R w =8.6-10.5 fm as shown in Fig. 3 . A close observation on R w both for α-decay as well as proton-decay suggest that the constancy region is more prominently wider in case of α-decay with R w =8.9-21.0 fm than proton decay with R w =8.6-10.5 fm. The radial distance where the constancy creeps on is the region where the wavefunction u 1 (r) vanishes to zero. In other words, the wave function u 1 (r) decreases rapidly with distance outside the nucleus. The confinement of the wave at resonance energy is the significance of molecular state with large amplitude inside and small or negligible amplitude outside the barrier. Thus the radial dependence restriction is removed and we have a solid proof that for a particular system there is a region where log(T 1/2 ) is remaining constant.
Since radial constancy is proved we henceforth take the R 0 value for calculation of half-lives for a chain of nuclei. To do that, we condense the integral J given by (eqn.8) and write in terms of c f , x m and F 11.180 0 -1.854 - 1.611 out to be in the range 0.139 to 0.37 for α-decay and in the range 2.52 to 4.56 for proton-decay for l = 0. For α-decay half-life calculation, we take c f =0.19 for l = 0 and c f =0.02 for l > 0 and for proton-decay half-life calculation, we take c f =2.8 for l = 0 and c f =0.45 for l > 0 to maintain uniformity in all sets of nuclei. Furthermore, using this c f , we estimate the values of T 1/2 by using the closed form expression (eqn.32) for the decimal logarithm of half-life and represent it as log 10 (T
1/2 )/2.30258. The Q values, the corresponding d 1 determining the steepness of the inner side of the barrier, the experimental half-lives log 10 (T expt.
1/2 ), the calculated half-lives log 10 (T calt.
1/2 ), the predicted half-lives log 10 (T pred.
1/2 ), the barrier radius R 0 and the R w values have been shown for a series of systems in Table I for α-decay and in Table II for proton decay. Analyzing the constancy region R w for all the systems mentioned in Table I , it is seen that for the case of α-decay the radial independence starts from (R 0 +0.04) to near about 20 fm when r 0 =0.97. To overcome this problem, we take the r 0 value to be 0.98 instead of 0.97 so as to make R 0 fall in the constancy region R w for all the systems and then predict the half-lives. But for the case of proton-decay we go with r 0 =0.97 as in all the systems considered in Table II , R 0 values come in the range of R w .
We then compare the experimental α-decay results log 10 (T expt.
1/2 ) and predicted log 10 (T 1/2 ) values i.e log 10 (T pred.
1/2 ) (eqn.32) and present systematically in Table III, IV, V and VI for 144 e-e nuclei, 112 e-o nuclei, 84 o-e nuclei and 80 o-o nuclei respectively by taking c f =0.19 for l = 0 and c f =0.02 for l > 0 cases. For a large assemblage of nuclei starting from Z=52 to 118, we write the log 10 (T 1/2 ) values viz. log 10 (T expt.
1/2 ), log 10 (T pred.
1/2 ).
As we know the quest for synthesizing superheavy elements 1/2 )= τ expt. in seconds [16] . The α-decay energies Qα are in MeV. in seconds [24] . Logarithm of predicted α-decay half-lives log10(T pred.
1/2 )=τ pred. in seconds using (eqn.32) with parameter fixed c f = 0.19, r0 = 0.98 for l = 0 of chain1 and chain2 in the laboratory is still on. Nuclei up to Z=118 has been synthesized already [25, 26] and consistent endeavours have been there for synthesizing Z=119,120 nuclei. Thus, there is an acute necessity for the theoretical predictions of half-lives and other properties of these superheavy nuclei. Table VII presents the predicted results of α-decay half-lives for two chains, chain1 and chain2 containing the Z=118 nucleus and the predicted half-lives are coming close to the experimental ones. Specifically in chain1 for the decay of 294 118 → 290 Lv the log 10 (T expt.
1/2 )= -3.161 s and log 10 (T pred.
1/2 )= -2.767 s. Similarly in chain2 for the decay of 296 118 → 292 Lv the log 10 (T expt.
1/2 )= -3.083 s and log 10 (T pred.
1/2 )= -2.428 s. The predicted α-decay half-lives for a series of nuclei with Z=119 and Z=120 are compared with the corresponding half-lives obtained from Finite range droplet model (FRDM) and shown in Table VIII. In the table the log 10 (T expt.
1/2 ) and log 10 (T pred.
1/2 ) values are listed for 284 ≤ A ≤ 339 for Z=119 nuclei and 287 ≤ A ≤ 316 for Z=120 nuclei yielding satisfactory results.
Also a separate list of proton-decay half-lives are shown in Table IX by taking c f =2.8 for l = 0 and c f =0.45 for l > 0. )=τ F RDM in seconds for Z=119 and Z=120 systems are taken from Finite range droplet model (FRDM) [27] . Logarithm of predicted α-decay half-lives log10(T pred.
1/2 )=τ pred. in seconds using (eqn.32) with parameter fixed c f = 0.19, r0 = 0.98 for l = 0. Our findings reveal that we get a wide band of log 10 (T pred.
1/2 ) ranging from decimal logarithmic values of -6.529 s to 23.604 s. By considering all the systems listed in Table III , IV, V and VI for the α-decay half-lives the average deviation and standard deviation are found to be 0.481 and 0.653 respectively. Similarly, for the proton-decay half-lives listed in Table IX , the average deviation and standard deviation come out to be 0.436 and 0.590 respectively. Now to clarify the ambiguity on the non linearity of Geiger-Nuttall law for various α-emitters, we make a plot of log 10 (T expt.
1/2 ) as a function of V = aχ + c used in (eqn.32) for l = 0 and present in Fig. 4 for α-decay and in Fig. 5 for proton-decay. To our utter surprise, we find that the plots of log 10 (T expt.
1/2 ) vs V = aχ + c give a single straight line. This clearly indicate that the our measured results have great accuracy. Finally we close this section with the physical significance of R 0 .
The physical significance of R 0 are as follows: 1. The R 0 value we are considering here is coming close to the Global formula; R B = r B (A 2. The wave function at resonance is negligibly small at r ≈ R 0 which is very close to R B . For example, in Fig. 2 i.e for 106 T e system the wave function diminishes at R 0 =8.79 fm and in Fig. 3 i.e. for 167 Ir system the wave function diminishes at R 0 =9.02 fm. Thus, we can say that the wave function is dying under the barrier.
3. In the radial variation of time, there is a region R w where log 10 (T calt.
1/2 ) is remaining constant and the R 0 which we have used in our calculation is found in that region. 
IV. SUMMARY AND CONCLUSIONS
By using the regular Coulomb function, resonant wave function and the difference in potentials a general formula is being put forth for the calculation of α-decay width. The α+nucleus potential is represented by special expressions of the potential. We have also seen that from the logarithm of half-lives vs radial distance plot, a radial independence region can be traced where the half-life is remaining constant. Thus for each of the systems a radial independence region can be tracked down and a particular radial distance falling in this independence zone can be used in the closed form expression. This derived formula is impeccable in predicting the α-decay and proton-decay half-lives of any nuclei. Specifically for Z=118 nuclei on which many works have been carried out recently and the predicted half-lives are coming close to the experimental ones. Isotopes of nuclei with Z=119 and 120 whose experimental half-lives have not been found yet have been compared with the half-lives found from FRDM. The closed formula for the logarithm of half-life favorably explains the half-lives ranging from 10 −6 s to 10 22 y. Also this closed form expression curtains the dilemma over nonlinearity as it fairly reproduces the rectilinear alignment of the logarithm of the experimental decay half-lives as a function of parameter closely resembling with the Viola-Seaborg parameter. Thus having the half-life formula with us we can also predict the half-lives whose experimental values have not been found till date and these predictions will certainly give support to the experimentalists.
